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INTERNATIONAL BACCALAUREATE 

Mathematics: applications and interpretation 

MAI 

 

EXERCISES [MAI 5.14-5.15] 

MORE INTEGRALS – SUBSTITUTION 

Compiled by Christos Nikolaidis 

 
 

A.    Paper 1 questions (SHORT) 

 
INDEFINITE INTEGRALS 

1. [Maximum mark: 18] 

 Find the following integrals  

1
cos sin xx x e dx

x

    
   

1
5sin 3cos 7 xx x e dx

x

    
   

3 2 1( 3)x x x dx      

3 2 1(4 12 6 3)x x x dx      

11

32( )x x dx  

11

32(5 3 )x x dx  

2 3

5 7( )x x dx  

2 3

5 7(7 10 )x x dx  

2

1
cos

cos
x dx

x

  
   

 



[MAI 5.14-5.15] MORE INTEGRALS – SUBSTITUTION 

 

Page 2 

2. [Maximum mark: 27] 

 Find the following integrals (modify the expressions first, if necessary). 

3 2

4 12 6
3 dx

x x x

     
   

3 2

1 2 5
3

4 3 7
dx

x x x

     
   

2

3

1
4x x dx

x

   
   

3(5 3 )x x dx   

33 2(5 3 )x x dx   

35 ( )x x x dx   

1 x
dx

x


  

7

2

2 5 4

3

x x
dx

x

 
  

2

2

2 cos 1

cos

x x
dx

x


 = 
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3. [Maximum mark: 30] 

 Find the following integrals 

  dxx )35sin(  

  dxx )35cos(  

  dxe x 35  

  dxx 3)35(  

 xdx5sin  

 xdx5cos  

 dxe x5  

  dxx )5sin(  

  dxx )5cos(  

  dxe x 5  

  dxx 3)5(  

  xdxx)1sin(  

  dxx)1cos(  

  dxe x1  

  dxx 3)1(  
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4. [Maximum mark: 21] 

  Find the following integrals 

 
dx

x 35

1
 

 
dx
x53

1
 

 
dx

x 3

1
 

 
dx
x3

1
 

 
dx

x 12

8
 

 
dx
x21

8
 

 
dx
cbx

a
 

 

5. [Maximum mark: 21] 

  Find the following integrals 

 
dx

x 2)35(

1
 

 
dx

x 2)53(

1
 

 
dx

x 2)3(

1
 

 
dx

x 2)3(

1
 

 
dx

x 2)12(

8
 

 
dx

x 2)21(

8
 

 
dx

cbx

a
2)(
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6. [Maximum mark: 6] 

 Let ( )f x  .3x   Find 

 (a)   ( )f x ;           [3] 

 (b)   .d)( xxf
           

[3] 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

7. [Maximum mark: 6] 

 Find  

 (a)     ;d)73(sin xx           [2]
 

 
(b)    xe x d4– .           [2] 

 (c)   cos(1 )dx x           [2] 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

..................................................................................................................................  

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

..................................................................................................................................   
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8. [Maximum mark: 6] 

 The function f  is given by ( ) 2sin(5 3)f x x  .   

 (a) Find ( )f x .            [4] 

 (b) Write down  xxf d)( .         [2] 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

9. [Maximum mark: 6] 

 Let 5( ) (3 4)f x x  .  Find    (i)  ( )f x ; (ii)  .d)( xxf . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

10. [Maximum mark: 6] 

 Given that 3( ) (2 5)f x x    find     (i) ( )f x ;   (ii) .d)( xxf
 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

..................................................................................................................................  
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11. [Maximum mark: 4] 

 If ( ) cosf x x  , and 2
2

f
    
 

, find ( )f x . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

12. [Maximum mark: 7] 

 A gradient function is given by 5e10
d

d 2  x

x

y
. When 0x  , 8y  . Find the value of y  

when 1x  . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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13. [Maximum mark: 6] 

 The derivative of the function f  is given by 
1

( ) 0.5sin
1

f x x
x

  


, for 1x   . 

 The graph of f  passes through the point (0, 2).   Find an expression for ( )f x . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

14. [Maximum mark: 6] 

 The derivative of the function f is given by 2 1
( )

1

xf x e
x

  


, 1x  . 

 The graph of ( )y f x  passes through the point (0, 4). Find an expression for ( )f x . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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15. [Maximum mark: 6] 

 The graph of the function ( )y f x  passes through the point 







4,

2

3
. The gradient 

function of f  is given as ( ) sin(2 3)f x x   . Find ( )f x . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

16. [Maximum mark: 8] 

 Find  (i)   Find .d
32

1
x

x 
       

(ii)   
dx

x 2)32(

1

        
(iii)   

dx
x 3)32(

1
 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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 SUBSTITUTION 
 

17. [Maximum mark: 6] 

 Find 
6

2 3
dx

x        (i) directly by inspection   (ii) by using the substitution 32  xu  

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

18. [Maximum mark: 5] 

 Find  
dx

x

x

32

6
2

, by using the substitution 32 2  xu  

 
.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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19. [Maximum mark: 9] 

 Find       (i) 3 76 xe dx       (ii) 
2

3 76 xxe dx         (iii) 
3

2 3 76 xx e dx  

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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20. [Maximum mark: 8] 

 Find         (i)  23 sin( 1)x x dx        (ii) 2 33 cos( 1)x x dx       

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

21. [Maximum mark: 5] 

 Find       
2

3

3

1

x
dx

x        

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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22. [Maximum mark: 5] 

 Find  
 5
ln x

dx
x   

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

23. [Maximum mark: 5] 

 Find  
5

2

tan

cos

x
dx
x   

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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DEFINITE INTEGRALS 

24. [Maximum mark: 20] 

  Calculate the following definite integrals 

 
1

0
)2( dxe x  

 


0
)cos(sin dxxx  


e

dx
x1

7
 

 1

0

32 dxe x  

 

4

0 1

1
dx

x
 

 
25. [Maximum mark: 6] 

 Let xxxxf  ln)(  

 (a) Find  )(xf            [3] 

 (b) Hence find the exact value of 
3

1
ln xdx .       [3] 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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26. [Maximum mark: 6] 

 (a) Find .d
32

1
x

x 
  

           [2] 

 (b) Given that 
3

0

1
d ln

2 3
x P

x


 , find the value of P .     [4] 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 

27. [Maximum mark: 6] 

 Given  

k

x3 2

1
d ln 7x  , find the value of k . 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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28. [Maximum mark: 10] 

 Let 8)(
7

5
 dxxf . Find the values of the following expressions 

5

7

( )

4

f x
dx  


8

5
)( dxxf 

8

7
)( dxxf  


6

5
)(3 dxxf 

7

6
)(3 dxxf  

 
10

8
)3( dxxf  

3.5

2.5
(2 )f x dx  

 

29. [Maximum mark: 7] 

 Let  f  be a function such that 8d)(
3

0
 xxf . 

(a) Given that 8d)2(  xxf
d

c
, write down the value of c  and of d .   [2] 

(b) Given that (2 ) 4
b

a
f x dx  , write down the value of a  and of b .   [2] 

(c) Find the exact value of  3

0
( ) xf x e dx .      [3] 

 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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B.    Paper 2 questions (LONG) 

 
30. [Maximum mark: 12] 

 Find     (i)   2 3x dx   (ii) 22 3x x dx      (iii) 2 32 3x x dx       

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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31. [Maximum mark: 12] 

 Use substitution to find the integrals 

 sincos xA xe dx  ,      cos sinB x xdx  ,      2sin cosC x xdx  ,      3cos sinD x xdx   

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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32. [Maximum mark: 12] 

 Find the integrals  

 (a) 
2

2 cos

sin

x x
dx

x x


             [4] 

 (b) 1x xe e dx               [4] 

 (c) 2 3 3(3 cos )( sin )x x x x dx           [4] 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
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33. [Maximum mark: 12] 

 Use the substitution lnu x  to find the integrals 

       (i) 
 2
ln x

dx
x       (ii) 

ln x
dx

x         (iii) 
 2

1

ln
dx

x x
  (iv)  

ln x
dx

x  

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 

.................................................................................................................................. 
 


